BRGNS RESFRIZIRE

LYH & WYC
PMI Group Meeting
June, 17, 2023



Introduction

teacher student

1 P(y|X,w)P(w 1
y = sign <%Xw*) Py, ) = POEOEN) L by x,wp(w
Py« ~ N (0,1) Py|lX,w)=1 [y = sign (%Xw)]

generalization error

feen = By x [O(=y¥)] = Ey x [O(—22)]

— aIrCCoS | ———
™ VvV Pw* O

e (o)
= — arccos
v[s pw*

Nishimori condition

1 1
Owdr = llngole K—WTW* = Ow = 11111 Ew+ X

Pwr = Owx = IL}HC}GEW*— ||w™ ||2

a=d/n

z=Xw*/\/n, z=XW/\/n

1 W*TW* W*TW
o= lim Ew X

n—oo nl oww w'w

|

|

I

|

|

|

|

| O'W*
| 1/‘ X1—|—\/
|

I

|

|

|

|

I

|

Il
1
Q
)
$ "
s <
s
| I

N>
||

Egen =




AMP

U Y. @) ZlnPout (Y | \/_[q:m} )

|
I pn=1 I
: E() ==Y In fu(x,) :
| |

Pysi(x;) = Z fa(xa) ]_[ Pj—>a(xj):

|
|
| x;:jeda\i jeda\i |
I |
|P1—>a(xi) - . 1_[ Pb—>z'(xl')- |
BP equation Lo TYbedina I
1
My, (W) = Fy (w;) H My (W)
Zi—sp
VF 1
1
my—i (w;) = / dw; Py | yyu | wi Xy, | mi—y (w;))
p—i (e Z,LL—)ZHJOH #\/—Z p J—=p \Wj
jF#
relaxed-BP equation
approximate m;_,,, only TWO moments
Central Limit Theory
2= X,m"wz' + Z X,ujwj Wp—i = ; XMJLDJ'—}H ’LD%'_;,,U = [dw@ Mi—p (’w@) w;
e

_ 2 2
ZXMij ~ N (Wu—sis Visi) Visi = E "-’J—m Viop = fd'w My (%) W3 — Wiy
jA#i J#i

2= Wi — Xpiw;)’
My, (W) ]dz#POUI (Yp|2u) exp —( il i pii)
2V_u,—>t'



AMP

— Wy — X 5‘11?5)2
My, (W) ]dz#Pout (Yl 2) exp { H;V i )
H—r
2= Wpsi — Xﬂiwi)2
exp { QVLL—H }

exp

2V,

exp w“—” exp Xﬁth —2(2 — wys) Xpaw
_uﬁ\z QVuﬁ\i
|

— Wpsi) 24 X,?u w; — 2 (2 — W) Xpaw }

—w 1
= exp (2 —wpsi)” } (1 + X w] — 2 (2 — wps) Xpawi + 3 (2 —wyussi)? Xpw?+0(= ))
,u%z
l - FHf) 2 2 1 2¢2 2 1 |
myﬁi(wi) x dz,u out y,ulz,u) exp 1+ Xm-wi — 2(2 — w,u—)i)X,uiwi + —(Z - Wp—ﬂ) le"wi + O(—)
[ d=Pou (412) (2 w)e——‘”55’2
N out - >
define  fowlw,y,V) = — V], £l
V [dzPoy (y|z)e™ 2v ) = fufi- B = \/"—"lmn( Wi Yiur Vi),
fd F. ( | )( )2 _M 1 A;,_,,E Yf”() ‘iuut(wm ‘/l,u)
2Pout (¥]2)(z —w)“e™ 2v o .
O fou(w, y, V) = (e—a)? v fou(w,y, V) YoV + le,,“ (hy, Yo VE) Wit
- 4 Vip B (ou out \Wips ip i
V2 [ 2Py (y|z)e” 2 i okl e Ve uhy omic
1
r\=— 14+ WIBE_, -IUB' (B' ) T(Wy)|— u TAS }
[ i i il { i [I—H p—i i u—n
A,u,—n - X,u,a awfout( ,u—na JN!V[J,—M) } “r
= | i) exp (3 (W7 () By s (W]~ (440 BS )
t t t

B,u—n Xﬂi Jout (w,u—m Yy Vp—>i)

r_______________________2__
t
I Al W) (B,u—n')
My (T, 2) = RO ox ZAf -+ B!

| i ) P




AMP

| . ('w _Rz—}u)z
Pmi, (w;) o< Py (w;) e *i—n

_(w—R)?
define fo = J dw wPy(w)e 2’32
w—R
[ dw Py(w)e™ 2 :
-1
Ei—m = ZAy—m)
VFEL
R§—>,u, = z—)p. ZBu—m

VEL

Wiy = f dw; mi—, (w;) w

2 .2
Vispy = /dwz My (23) Wy — W; o

q TE’#—H' — fw (E: R)

VUp—si — 3wa (E: R)

r-BP Algorithm

Algorithm 1 relaxed Belief-Propagation (r-BP)

Input: y
Initialize: ai,(t =0),viL,(t=0),t=1
repeat
r-BP Update of {w—i, Vi—si}
Viesi(t) ZF;EJ'”J'%#“ -1)
i
wu—i(t) + ZFM'QJ'—m(t -1)
i#i
r-BP Update of {A, i, By}
B;.:—n‘(t) — gout(wp—n( ) Yys ,u—n(t)) i g

Apsi(t) = —0ugout (We—i(l), Yu, Vp—n(t))f‘ﬁf

r-BP Update of {R,—:, X}

1
ST () [P S —
4""“"{ ) Eygélu AV‘”(t)
Rl—?'.r-! — 2,—}}4 Z Bu—n
vEpR

AMP Update of the estimated partial marginals a;_,,(£).vi-p(t)
@imsp(t) 4 fa (Zinn(t), Risu(t))
Vieu(t)  fo (Bisp(t), Rimu(t)) -
t—t+1

until Convergence on a;—,(¢),vie.(t)
output: Estimated marginals mean and variances:

1 2y By
a; y =
et (s S Re)
1 o Bu i
vy — Jo .
¢ fo (}:.,Au_.s’ L Aui




AMP

Wp—i = ZX JwJ—W ; Wy = Z X,uzrwz—m
J#i 1
_ 2
/L—)’L Z X“J ,U]—)'U, V[Jz - X‘u‘,zvz—)ﬂ,
J# g
t+1 1
H t+1
A
WX - KKK — XA
h H Ri+1 Zu B,
M Z At
gt i
L TSt L T l
t+1 2 E 2.3 | Wysi = X,,;w
| Vu Z X,U,ZU’L—H_L s X,uivz I i ; KT I :

-1

t+l |: Z 6 fout H_l:yﬂsvpt,-i_l)

t _ ] t t

Bl =X fou (0w Vi) —)
t 2 t t

AH—” = _X,ui 8wf0ut (w,u—)i’yua V,u—)z) Rf“ [ E X2 O fout # 7y“,vj+1)

[Z X,u,zfout ( ,u—n y}.u V‘lfilz)




AMP

® fout(

1 1
~ fout (W/tj— v Yps V;LH— )

2
~ fout (wz+l, y#, V;_i_l) - Xﬂiwfawfout (wz+17 y,u: V;f+1)
o Rﬁl
t+l [Z meout JF“ VH_l) Xﬁiﬁfgawfout ( J.l“ Vt_H)
3
= w + ( H_l Z—meout ,u U,u VH_l)
4
® z—),u — fW ( T 1_>N) fw ( T )
~ fw (sz EZ) u—)zaRfW ( )
W; — fout (w,tp Yps V;f) Xﬂivf
1 Zt+1
w; 1+Rt+1 3
H'l ZX“ Zfout (wfmypavf) X;2Lz 1t
7
e ZXM’U% - V:fout ( ;nyﬂ Vt)
t+1

i

t+1 t+1
p—m? yﬂ’ Vu—)z)

t t+1 t+1
waz—),u O fout (w/j_ 7yu7V,u+ )

1+ R

MiA:ry. X
T‘Hﬁh’ft ! N oY . fc?ut
EERRE t =1, FIGERRET

1 while7 < T do

o w .
e 3 Ny o )
Vit - Z X7 vf
T fou
51_1';1 « fout(ys le. I/t—l—l)
HEY. R
1
ZE—I_I {— l Z a fout J,u V‘H_l)
1
t+1 Nlan 7t41
R;r (—u + — \/ﬁ Zszfout C-o' y,u V;ﬁ)
TR w ., v
ZT?-I-I
At :
Wi R
7 if w . v ANFAR AV then
e L 2 11 A
end
t+—t+1



SE
*Egzﬂ:llkz D fdw wPO(w)e "‘zg)

- - f+(E,R) = -
Wy—i \/— o met fdeO w)e ( 2;1
% (sz)z
Zp—i = wiWi_y dzP, 2z —w)e” 2V
o \/_ ; s fOLl'[ (wa y: V) = f out (y| )( ) —w)2

V [ dzPoy (y|2)e” S5

V‘u, == E Z XELZ’U@
Bk ks
1

;=

R;
2_1 = Z B,u.—n'
"

- Z X,uz'fout(w,u%i: y,m V,u—n)

Z Au—ﬂ' !
- > Bussi = Z#:meom(wu%sign[g; Xyjw; + Xpawi], V)
2y Api _ Z X i Fout(@yusi s1gn[§ X wil V) 4+ Xpi fou( Wi, sign[X,,
i r
EXUATHFSE:
O A

m = o, »0; fou(w, sign|z], V]
AEHE:

¢ =Euw-Erx[fo(Z,R)] q = E[w?] = E[&’]
m = By Eg s [w* fu(Z, R)] m = E[zw] = E[w" ]

wil, V)



SE

q=Eu-Epx[fa(S, R)] .
o ) o q= m:Ew*ER,g[w fW(E,R)]
m = EuEgs[w* fw(Z, R)] Nishimori condition:g=m
? —
A 9 . .
g = aE, ;[ fou(w,sign[z], V)] Bayes optimal G = 17 = B 1[0 foul(w, sign[2], V]
m = o, »0; fou(w, sign|z], V]

EBRFRIEA: HRFIMESR:
§E _______________
t+1 _ 2 § oS ) :
q‘*‘l_/dl’PX(l')/ 5\/—f2 (Atv th) / e~ dﬂ_ﬁ'_\/%
p)2 ﬁ —00

/d /d e 2n e 2(1 2(1—mt) ( [ ] )
z fo ,Sl n|z|,1 —
o 2‘7( mt(l — ) P S

F s == —-— 1 00
' qg= _q | / 22e % dy = ﬁ
I 1 +q 1 | —00 2
| 2 |
| eXp ](_qu} I _ 2 xT 5
I (I:ﬂl_q D¢ : erf(z) = — e dt
I 1+ erf ( V€ ) ﬁ 0
2(1—q) | P
I I e - - - - e e e e e e e e e .

same as replica



Asymptotic solution ¢ - o0, g > 1
?(ap+1)
Q‘be 7562(1(17‘3:;)) —eéi_b
1—q G
[ pe e - [ 2o ~ [ v
_ V€ Vot .
(1 + erf ( TgEy )) (1 + erf ( 2(1%))) (l + erf(
VAl fq f e co
= =
1 + E‘If 27
1+erf(ﬂ)
b—l(ak\/a2k2+4a2k’2) o~ 1—L k= 2w
2 a—»oo a2k o2
— SE
0.5 T Gamp 0.5
0.4 0.4 1
5 03 £ 0.3
W ]
S S
0.2
0.2
0.1
0.1
T T T T T T 0.0 T
0 1 2 3 4 5 0
o
1
bayes _ T
g " (@) = ;arccos(\/q )

~ 0.720647

y = arcsin x

y=sinx

— SE
—— asymptotic solution

4

o

1
g JRS—
a—oco km

=
o
—
(=]




Replica

P(y|X,w)P(w) 1

P = FPIX W)

P(wly,X) =

partition function

Z(y,X)=P(y,X) = / dw P(w,y, X) = /dw P(y|w,X)P(w)

_ /dz P(yIZ)/dW P(w) o (Z N %WX)

Replica 1. 0 log Ey,X [Z(ya XY]

n r—0 or

1
b = _Ey,X logZ(y,X) » ® = —lim
n

¥

Eyx [Z(, X)] = Egex (HJ dz°P oy (¥ | z“)[ dw*P,,. (w“)a(za—LXwa)]
R \Vd

| a=1"R”"

i 1
=E dyP(y| X dz?P, @ dw?P_, (w?) 6| z¢ — —Xw*
% yP(y| )-[ Z°F jyta (y|Z)JRd » (W) (z \/2 w)

JRn Rr

1
dW*Pw* (W*) 6 (z* - —X*) Average overy

=E dyj dzPou*ylz*J
i, Py, 1) va )| POIX)

R4

X [HL APy (y | 2%) JRd dweP,, (w")é(z —ﬁxW )]

1
=E J dy J dz°Pyya (y | 2° [ dw'P,, (W) 6| z° — —Xw*
“Ja H bl Wil N




Replica

Assuming X isi.i.d, according to the central limit theorem

Zy = = z::zzz(-“)w;1 ~N (EX [ZZ] , Ex [zZzZD a,b=0..r

The integration of column vectors — row vectors.

i,u, (Zfl:)a:()...r7 Wi = (wz )a,=0---r

7, ~ P3(2;Q) = N3 (0,4:1,Q)  Py(W HP

Ey x [2(y,X)"] = Ex / dyH / Az Poyye (y | 2°) / dw" P, <w“>6(za

_ [/dy/ diPom(y|i)Pz(i:Q(\if))] U dv‘va(\iv)]n

1
e W

Vd

1 2 a r
H; B __FERAA L
1 22 a r
H; N u, - W
1 o2 a ... mT
u, u, ., - uy
m, W - ES - m)

n for network
d for data

)



Replica

Introduce Fourier transform of Dirac § function

/ dQ ]]s (nQab -3 waub) I's (x) = i fm die S

a<b i—=1

|
x [aqf dQHeXp{ Ou (nQab—Zw )} : i

a<h I tr(AB) =30, D20 aijbi

/dQ/ dQeXp{ 3 Qu (n@abzw )} L_ |

a<b

(x/ dQ/ dQeXp(—nTr[QQ]) exp (5 Zﬁ?@{vi) : o
i—1

wl

Insert it into the partition function

By x [2(v.X)] [ dQ [ dQ exp(-nTsiQQ) exp (%Zﬁr? Qw)
i=1
d

[ [ rwtinr@aew)| [ [ aspae]

oc/f dQ dQ " (QQ) b — 1 lim dlogEy x [Z(y, X)']
n r—0 or

where

(0, 0) = — Tr[QQ] + log ¥ (0) + alog ¥) () l Laplace approximation

i@ AW Py (W)ez VOV ,\
@ = [ aw po(we? e
out /dy/ dZP Pout 'y| ) (05) - ‘I‘Q:Q Tl_I)% or



Replica

m = lw“’ w*
Replica symmetric ansatz 171
(QO m ™Tm \ (QO m m \ q:ﬁwa.wb
. W —1C 1
a=| " Y awd Q= | " T Q=—[lw"|3
e q q n |
. 2 1A 0 __ L= = *112
\ m q Q} \m q QQ) Q" = pw nHW 115
. I
| Plo) =extig g {}iﬂ% {f ’Q)} |
|
I
| 20(Q,Q) =~ Tr[QQ) +1og WL(Q) + alog W) (@)
o 1(QQ)| = @Q" +rmi— 1ra@+ Ny tr(AB) = ¥, X7, aisb;

) .
{1 2 (- vc0)}
= extr {11111 — ( Q“QU rmimn + %T‘QQ — rr - qu’“)}

r—0

= extr {lim (—mm “+ —QQ — (
r—)

— extr {—mm + QQ + 1@@’}

2

=3))}



Replica

Q) = [ s Pt

= 2y i (04) 0 (S
a=1

a=1 a=1

- / AW Py, (W)ez W@

= B, e300 f AW Py (W) e 7 ey w0 =3 Q) iy (0 +5( Sy we)”

=3

Q)

,
= Ee ypre2@ ") [E  exp (mu w—=(Q + §)w? Al/zgu)] H-S transformation
Ee¢ exp(y/ag) = e

A .0

Uy (Q) = extr < lim — 1Og v
r—0 Or

decouple the teacher and

8 .
hna E¢ +1 log []E , exp (mw w— _(Q 4+ q)u 4 ql/Q&L)] } student expectations
€ €4+ ¢ 2rmw*

E¢ 0 log [Ew exp (-r"nw*-w — 5(@ + §)w? + 61/2&0)] }

1 1o A
E¢ v €Xp (—5(1 2 (w*)? + €47 3w )log [Ew exp (—§(Q+q)w2 +q1/2§w)”



Replica

1 . 1, 1o~ .
E¢ , exp (—56_17?3,2(-1,0*)2 +&q %mw*) log [Ew exp (—E(Q + ¢ w? + ql/?‘{u:)]

2
Py ~N(O1)  o3RFD)

define Zy(v,A) =Eyp, [e_észJﬂw} >
VA +1

Bayesian optimization Z, = Z«

P:(z:Q) = e s7'0 1122 | Qs = (Q°— rm(Qu+ (r— 1)) )
det(27Q)"/ b @yl == (@ —rm(@+(r—1)g) 'm) " mlg+ (r—1)g) !
Qoo Qor Qo Qof : O =(@-0) ' - Q4+ —1)g) 'g(@—q)!
Qs {Qof Q' Qn Qn I HQ+ (r— D) Q0 — rm(Q + (r — Da)m) " m(@Q + (r — 1))
s [Qm Qu Qn Qun J Qi =@+ 10 NQ— o)

HQ+ (r—=1g) 'm (Q —rm(Q + (r — 1)g)"'m)



Replica

\Il(r)

out (

/dy/dze—%iTQrs z——log(det(quQrS)) iy | 7)
— Ey,‘gefﬁ log(det(27Qrs))
X /dZ*Pout* (y|27) e~ 290 (%)’ [/ dzPoy (y | z)e Qo 22— 3 (Q —Qn )2* 1/2£z]
l similar operation

Vour (Q,m. q; pus) =By e [Zout* (ya mq2E, pur — mq_lm) log Zout (y: q'%€6,Q - Q)]

B 1 y — sign(z) 1 (z —w)?
Zoul (y’wf V) - dz\/m exp ( 2A Sy exp | — 2V

|

|

I o — z—w
: e ('m) e ()
|

|

. 0 \/Ql_exp(J+1)\/;T—VEXP((Z2_;)2)
N, (1, A%) (Herf (\%)) A (LAY g (1 e (\/;)T/))

Finally, the replica symmetric solution of free energy is obtained as follows

1 -
<I)rs(af) = eXtrQ,Q,q,é,m:?h { mm + QQ + 3 qq + v (Q* m, Q) + aWou (Q* m,dq, PW*)}

I Nishimori condition @ =pws, m=g=q. Q=0, hm=4=

L .
B(a) = extryq { i + 0 (@) + 0Ty (1000}




(@) = Be |Z0- (1/%,0) 10 Zu- (3%¢.0)]

Replica
p Uour (¢; pwr) = Ey ¢ [Zour * (y: 4%, pr — q) log Zou + (y q"2€, pur — qﬂ
2
— féAfw2+’Y'w _ g2+
Zy(v,A) =Eyp, [e } ]

g=— 20~‘aq Yout
q

j - 1 y — sign(z) 1 (z —w)?
— —QBQ\I’W Zout (y,w,, V) o dz\/m P ( 2A ) 2rV P ( 2V )
* vy — ¥ £ —ert | —/——
=N, (1,A") (1+e1f(\/_>) + Ny (1,47 3 (1 f(ﬁ))
define STt T TTTmTTmTm T mm T m T
» R p— ’.}f
fw*(TaA) = 3'}- log Zw* (71A) o 1+ A

1,A%) — N, (—1,A%) equivalent to the definition in AMP

fout* (yawa V) = aw log Zout* (:fj,bb’, V) out*(J w. V) Nw(oi V)
obtain
A 1/2 2
q= O‘E’yi Zout* ( & Pwr — Q) Jout (y q 6 Pw* — Q)
2
q—Eg[ 2y (0'2€.0) £ (0%, 4) ]
. . 2
Analyticsolution  §— aF, [z (.42 1= q) fou~ (3.4%,1—4) ]
] , Nyge(0,1-g)°
q—l—?—" —205/D§J \/‘g(, L
d (1—|—erf (—\/_5 ))
2(1—q)
Upe2

ml—gq

2o / De ( e same as SE equation



Conclusion

€y

bayes

1

(@) = — acos (V)

w

11 04417

~J -~

a—oo kT«

0.5 A

Test err

0.1

— 5SE
—— asymptotic solution

0.0

o A

— 5E
0.5 - $ Gamp
0.4 1
E 0.3 1
@
0.2 1
0.1
0 1 2 3 a 5
a
Asymptotic solution a - o0, g > 1
2 (ap+1)
_ apé? ¢ 2(1-ap)
1—q -
f De c " - f dg Van ~ / dg
1 of gbé 1 f V€
( e ( 2(1%))) ( e (\/2(1%)
Vv1—aqb f e co
= d = v1—
\/ﬁ 1 qb

k= 200~ (.720647

TV 27




	幻灯片 1
	幻灯片 2
	幻灯片 3
	幻灯片 4
	幻灯片 5
	幻灯片 6
	幻灯片 7
	幻灯片 8
	幻灯片 9
	幻灯片 10
	幻灯片 11
	幻灯片 12
	幻灯片 13
	幻灯片 14
	幻灯片 15
	幻灯片 16
	幻灯片 17
	幻灯片 18
	幻灯片 19

